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Abstract. We show that a Hermitian algebraic curvature model satisfies the 
Gray identity if and only if it is geometrically realizable by a Hermitian man- 
ifold. Furthermore, such a curvature model can in fact be realized by a Her- 
mitian manifold of constant scalar curvature and constant *-scalar curvature 
which satisfies the Kaehler condition at the point in question. 



1. Introduction 

A central area of study in Differential Geometry is the examination of the rela- 
tionship between purely algebraic properties of the Riemann curvature tensor and 
the underlying geometric properties of the manifold. Many authors have worked in 
this area in recent years. Nevertheless, many fundamental questions remain unan- 
swered. In this paper we shall work in the context of Hermitian geometry and 
refer to a few earlier works in the almost-Hermitian context [71 [151 [SI [H] ^'Hd in 
the Hermitian context [I] [21 HH [HI [Hj; the field is a vast one. Our main result, 
see Theorem 11.41 below, gives a complete answer to the fundamental question of 
when a curvature tensor in a Hermitian vector space is geometrically realizable by 
a Hermitian manifold. 

If the almost complex structure of an almost Hermitian manifold is integrable 
(i.e. if the manifold is Hermitian), then Gray [13| showed that the curvature tensor 
has an additional symmetry given in Equation ()l.bp below; we refer to Theorem ll.31 
for details. By contrast, there is no additional condition imposed on the curvature 
tensor of an almost Hermitian manifold, see Theorem 11.11 below. Thus it is quite 
striking that a geometric integrability condition imposes an additional algebraic 
symmetry on the curvature tensor. In this paper, we show that every algebraic 
curvature tensor satisfying the Gray condition is geometrically realized by some 
point P of a Hermitian manifold. This result can be regarded as a converse to 
Gray's result in that it shows that all the universal symmetries which the curvature 
tensor of Hermitian manifold has are generated by the Gray condition and the 
usual curvature symmetries (see Equation (|l.a[) ). This result emphasizes the real 
difference between almost Hermitian and Hermitian manifolds. 

Let n be the Kaehler form. We will show, see Remark 11.51 below, that the 
Hermitian geometric realization can be chosen so that dfl{P) = 0. Thus imposing 
the Kaehler identity dil{P) = at a single point imposes no additional curvature 
restrictions. If dfl ~ globally, then the manifold is said to be almost Kaehler. 
This is a very rigid structure, sec for example the discussion in |20| . and there are 
additional curvature restrictions. Thus our result also emphasizes the difference 
between dfl vanishing at a single point and dQ vanishing globally. Finally, we 
will show that the geometric realization can be chosen to have constant scalar 
curvature and constant ★-scalar curvature. Thus, again, these conditions give rise 
to no additional curvature identities. 
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Triccrri and Vanhecke [5T] gave a complete decomposition of the space of alge- 
braic curvature tensors on a Hermitian vector space into irreducible subspaces under 
the action of the unitary group which has been used by many authors [5l[8l[9l fT0l[T7] . 
Among these factors W7, see Theorem 12.11 for a precise definition, plays a central 
role in our discussion, since the space of vectors satisfying the Gray condition is ex- 
actly as will be discussed in Section [3l We note that cither the complex Jacobi 
operator or the complex curvature operator completely determine the components 
in yV^ of a curvature tensor [3] . Also note that the algebraic condition determining 
Wy plays a role in the study of Jacobi-Ricci commuting curvature tensors |12| . 

1.1. Complex curvature models. We begin by putting things in an algebraic 
context. Let F be a real vector space of dimension 2n. We shall always assume 
2ri, > 4 as the 2-dimcnsional setting is trivial. Fix a symmetric positive definite 
inner product (•, •) on V. Let J be a Hermitian complex structure on V, i.e. a linear 
transformation of V which satisfies 

j2 = -id and J*(-,-) = (•,•). 

Let U be the associated unitary group; 

U := {U eGL{V) -.UJ = JU and U* {■,■) = {■,■)} ■ 

Let 2t C i^'^V* be the space of algebraic curvature tensors; A G 21 if and only if A 
satisfies the symmetries of the Riemann curvature tensor: 

Mx, y, z, w) = -A{y, X, z, w) = A{z, w, x, y), 

A{x, y, z, w) + Aijj, z, X, w) + A{z, x,y,w) = . 

Let A G 21. We shall say that €. :~ {V, (•, •), J, A) is a complex curvature model. 

1.2. Almost Hermitian geometry. We say that M := {M,g,J') is an almost 
Hermitian manifold if is an almost complex structure on the tangent bundle TM 
with J*g = g. The Kaehler form ft G K^{T*M) is defined by 

^{x,y) := g{x,Jy) . 

Let R be the Riemann curvature tensor. Let {TpM, gp, Jp, Rp) be the associated 
complex curvature model for P G M. A complex curvature model € = (1/, (•, •), J, A) 
is said to be geometrically realized by at P if there is an isomorphism from V 
to TpM so that (•, •) = (/)*.gp, so that J = (j)*Jp, and so that A = (f)*Rp. Wc have 
the following geometrical realization result in this setting [3|: 

Theorem 1.1. Let € be a complex curvature model. There exists an almost Her- 
mitian manifold Ai and a point P so that £ is geometrically realized by M. at P. 

Remark 1.2. In fact, more is true. The manifold A4 in Theorem 1 1.1 1 can be chosen 
to have constant scalar curvature and constant ^-scalar curvature [J. 

1.3. Hermitian geometry. We say an almost Hermitian manifold Ai ~ (M, g, J') 

is Hermitian ii is an integrable almost complex structure, i.e. the Nijenhuis tensor 
vanishes or, equivalently, in a neighborhood of any point of the manifold there are 
local coordinates (xi, ...,Xn,yi, -..^yn) so that 

Jdxi = dy^ and Jdy^ -9^^ 

We introduce the following linear U invariant subspace of 21: 

Wg := {yl G 2t : A{x, y, z, w) + A{Jx, Jy, Jz, Jw) 

(l.b) = A{Jx, Jy, z, w) + A(x, y, Jz, Jw) + A(Jx, y, Jz, w) 

-\-A(x, Jy, z, Jw) + A{Jx, y, z, Jw) + A{x, Jy, Jz, w)} 

for all vectors x,y,z,w in V . Gray [13| showed: 

Theorem 1.3. If P is a point of a Hermitian manifold M., then Rp G Wg- 
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The following is the main result of this paper which generalizes Theorem 11.11 to 
the Hermitian setting: 

Theorem 1.4. Let €. = (V, (•,•), J, A) he a complex curvature model. Then A 
belongs to ij and only if there exists a Hermitian manifold M and a point P 
so that C is geometrically realized by M at P. 

Remark 1.5. We shall in fact show a bit more later. It will follow from our analysis 
that the Hermitian manifold Ai in Theorem 11.41 can be chosen to have constant 
scalar curvature, to have constant *-scalar curvature, and to have dQ{P) = at the 
point in question. Thus, in particular, imposing the Kaehler condition (i.e. = 0) 
at a single point yields no additional curvature restrictions. 

1.4. Outline of the paper. In Section [2l we present the Tricerri-Vanhecke de- 
composition and we linearize the problem. In Section [3l we prove Theorem II. 41 and 
verify Remark 11.51 The proof of Theorem 11.11 in [4j followed very different lines. 
We first realized the associated real curvature model {V, (•,•), A) geometrically and 
then constructed an extension of J to the tangent bundle. This construction did not 
preserve the integrability condition on the almost complex structure and thus very 
different methods are required to prove Theorem 11.41 Our constructions through- 
out this paper will all be local; the manifolds we will construct are neither compact 
nor complete. The complex analogue of the Yamabe problem for almost Hermitian 
manifolds has been considered in [B]. 

2. Algebraic preliminaries 
2.1. Decomposing V* V* into irreducible U modules. We may decompose 

= s'^(y*)®A'^(y*) 

as the direct sum of the symmetric and of the alternating 2-tensors, respectively. 
We may use J to further decompose 

S^{V*) = Sl{V*)®SliV*) and A\V*) ^ Al{V*) ® A^_^{V*) 

into the ±1 eigenspaces of the action of J*. We have a further decomposition: 

Sl{V*) = {-,-)-^®Sl+{V*) and Al{V*) = ft ■ R ® Al^{V*) ; 

Sq -|-(V'*) is the space of trace free symmetric 2-tensors invariant under J. One thus 
has a decomposition of V* (E) V* as the direct sum of 6 irreducible U modules: 

(2.a) V* (g)V* = {■,■) - R® Sl^{V*) ® SliV*) (Sn - R® Al^{V*) ® A^_{V*) . 

If is a J-invariant symmetric form, we can define uje{x, y) := 9{x, Jy). This defines 
a U equivariant isomorphism « Aq j^{V*). Thus this representation and 

the trivial representation both appear with multiplicity 2 m. V* (i) V* \ the other 2 
summands appear with multiplicity 1. We have: 

dim{52^(y*)} = n2 - 1, dim{5'2 (F*)} = + n, 
dim(A§,_^(y*)} = n2 - 1, dim{A2_(y*)} ^ ir^ - n . 

If € y* (8) y*, let 6'±_s, 6'±^A, and 6'o,+.s be the appropriate components of in 
the decomposition given above: 

0±Ax, y) ■■= \{e{x, y) + e{y, x) ± e{Jx, Jy) ± e{Jy, Jx)}, 
(2.b) 0±,a(.t, y) := y) ~ e{y, x) ± e{Jx, Jy) T e{Jy, Jx)}, 

Oo,+,s{x, y) := 0+^s{x, y) - ^{Tr^.^.) e}{x, y) . 
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2.2. The scalar and ^-scalar curvature. Adopt the Einstein convention and 
sum over repeated indices. Let {ci} be an orthonormal basis for V. Wc define 
the Ricci tensor p, the scalar curvature r, the -k-Ricci tensor p*, and the ^-scalar 
curvature t* , respectively, by using the metric to contract indices: 

p{x, y) := A(e,, x, y, e,;), r p{e^, e^), 

p*{x, y) -.^ A{ei, X, Jy, Je^), t* := p*{e^, e^) . 

The Ricci tensor p is always symmetric but the ★-Ricci tensor p* need not be 
symmetric. 

2.3. The Tricerri-Vanhecke decomposition. Give 21 C ®^V* the induced inner 
product. Fullback defines a natural orthogonal action of U on 2t. Tricerri and 
Vanhecke [21] gave a decomposition of 21 as a W module: 

Theorem 2.1. 

(1) We have the following orthogonal direct sum decomposition of ^ into irre- 
ducible U modules: 

(a) //2n = 4, 21 = Wi ® © Ws © W4 © Wt © Wg ® Wg. 

(b) //2n = 6, 21 = Wi © W2 © W3 © W4 © W5 © W7 © Wg © Wg © Wio- 

(c) If2n > 8, 21 = Wi©W2©>V3©>V4©>V5©>V6©W7©>V8©>V9©Wio- 
We have Wi ~ and, if2n>6, W2 ~ W5. The other U modules appear 
with multiplicity 1. 

(2) We have that: 

(a) T ® : Wi © W4 w M © M. 

(b) If2n - 4, po,+.s : W2 « Sl+{V*). 

(c) //2n > 6, po.+,s © <+,s : W2 © W5 ~ ^o,+ C^*) ® ^o' + C^*)- 

(d) W3 = {A G 2t : A{x, y, z, w) = A{Jx, Jy, z, w) Vx, y, z, w} n kcr(/ci). 

(e) //2n > 8, We = ker(p © p*) n e 21 : J* A = A} n M^g^. 

(f) Wt = {A € 2t : A{Jx, y, z, w) = A{x, y, Jz, wjix, y, z, w}. 

(g) p-,s-m~si{v*). 

(h) pl.^: Wg«A2_(y*). 

(i) //2n > 6, Wio = e 21 : JM = -v4} n ker(p ® p*). 

(3) The dimensions of these modules are given by: 





dim(l/) = 4 


dim(V^) = 6 


dim(l/) = 2?! > 8 
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The following will be a useful observation in what follows. 
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Remark 2.2. Let 05 be a Z^/ invariant subspace of 21. Let i e {3, 6, 7, 8, 9, 10}. Then 
Wi appears with multiphcity 1 in 21 as a Z// module. Consequently we either have 
that Wi C 05 or that 05 C W/- = ©j^iVVj. Let tt^ denote orthogonal projection on 
W,. If 7r,05 ^ {0}, then W^ C 05. 

2.4. Linearizing the problem. Let Q e Sl{V*) (g) S'^{V*). We define: 

£(8)(a;, ?/, z, lu) := 8(x, z, y, w) + Q{y, w, x, z) — Q{x, w, y, z) — Q{y, z, x, w) . 

It is easily verified that the relations of Equation (jl.ap are satisfied and thus C 
defines a U equivariant map 

C : Sl{V*)(E)S^{V*)^'^. 

We let £ = £(y, (•, •), J) := Range(£) he aU invariant subspace. 

Lemma 2.3. 

(1) Let M = {M,g, J) be a Hermitian manifold. Let P e M . Then dn{P) = 
if and only if there exist holomorphic coordinates (zi, Zn) for M centered 
at P so that g{P) = 5 + 0{\z\^). 

(2) A ^ 2, if and only if the complex model £ — (V, (•, •), J, A) can he geometri- 
cally realized by a point P of a Hermitian manifold M. where dQ{P) = 0. 

Proof. Although Assertion (1) is well known, see for example |11| . we present the 
proof as this result is central to our discussion and to keep this paper as self- 
contained as possible. Let Tc{M) := T{M) (8)r C be the complex tangent bundle 
of a Hermitian manifold A4. Extend the metric g to Tc{M) to be complex linear 
in the first argument and conjugate linear in the second argument. Choose local 
holomorphic coordinates z° = x° + -y/— . We have 

:= - V^dyJ and := + V^dyJ . 

The condition that J is compatible with g then means g{dz^, dz^) = 0. We set 

9a-b ■= 9(dz,,dzJ = ^{gid^,,d^J - V^gido,,,dyJ} = ■ 
The Kaehler form is given hy — ^^^^g^^^^dz'' A dz'^. Consequently: 
dn = ^ J2 i9cd/b - 9bd/c)dz'' A dz" A dz'' 

b<c,d 

- ^ J2 ^Sbd/c - 9bc/d)dz'' A dz" A dz'^ . 

b.c<d 

This shows that the condition dil{P) = is equivalent to the symmetry: 
(2.C) ghd/ciP) = 9cd/b{P) ■ 

Clearly if we can choose holomorphic coordinates so all the 1-jets of the metric 
vanish at P, then Equation (|2.cp is satisfied so dVl{P) = 0. Conversely, suppose 
Equation (|2.cp is satisfied. Choose coordinates with P so that 5at)(0) = ^al- 
Consider the holomorphic change of coordinates: 

:= + S.abcw'w" where S^abc = £.acb e C . 

At the point P = 0, we may then express 

^-c = §^dz^=dz^+2Ucw'dz^, 

9:d = 9ld + '^^dbcw" + 0{w) + 0{\w\'), 

9:d/b - 9:d/b + ^^dbc + o{\w\) . 

We set ^dbc ■= ~'^9cd/b'' ^^^^ symmetric in {b,c} by Equation (j2.c|) and thus 
defines an admissible change of coordinates so that dw^g'"^^) — 0. Taking the 
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complex conjugate yields du,^g^^{Q) = as well and thus dg"'{0) — 0; this establishes 
Assertion (1). 

To prove Assertion (2), we argue as follows. Suppose first A E £. Give M^" = C" 
the usual system of coordinates {u^, — {x^, ...,x",y^, ...,?/") and integrable 

complex structure J{d^,) = dy, and = ~d^^. Choose QeSl{V*)® S'^{V*) 

with £(0) = A and define 

(2.d) g.,j ;= S,^ + 2Q;jkiu^u^ . 

Since Q{x^y, z,w) = Q{Jx, Jy, z,w), J^*g — g. Let be the Euclidean ball of 
radius e > centered at the origin. Since g is non-singular at the origin, there 
exists £ > so 9 is non singular on B^; let M := {B^,g,J) be the resulting 
Hermitian manifold. Since the first derivatives of the metric vanish at the origin, 
d£l{P) = and we may compute: 

Ridu,,duj,duk,dui) = H^^'^^■^k9]l + dujduigik ~ du.du^gjk - dujOu^gii} 

— ^ikjl + Qjlik — Qiljk — 'Sljkil — A . 

This shows every element of £ can be represented by a Hermitian manifold with 
dfl{P) = 0. Conversely, suppose given a Hermitian manifold with dfl{P) = 0. 
Choose a holomorphic coordinate system centered at P where all the first derivatives 
of the metric vanish and so the coordinate frame is orthonormal at P. Thus up to 
second order, g has the form given in Equation (j2.dp . The above calculation then 
shows Rp = £(6) e £. □ 

3. The proof of Theorem 11.41 
The results of Section [2] reduce the proof of Theorem 11.41 to the assertion: 

£ = Wg. 

We begin our study with the following result: 
Lemma 3.1. £ C Wg C Wf . 

Proof. By Lemma 12.31 every element of C can be geometrically realized by a Her- 
mitian manifold. Theorem 1 1 . 31 now implies £ C Wg. By Remark 12.21 we may show 
Wg C Wf by showing Wg n = {0}. Let A e Wg n W7. Since A € W7, the 
curvature symmetries imply additionally that 

A{Jx, y, z, w) = —A{Jx, y, w, z) ~ —A(x, y, Jw, z) ~ A{x, y, z, Jw) 

~ —A{y, X, z, Jw) ~ —A{Jy, x, z, w) — A(x, Jy, z, w). 

Since A e Wg, Equation (jl.b[) imphes 

2A(x, y, z, w) = A{x, y, z, w) + A{JJx, y, z, JJw) 

= A{x, y, z, w) + A{Jx, Jy, Jz, Jw) 

= A{Jx, Jy, z, w) -f A{x, y, Jz, Jw) -f A{Jx, y, Jz, w) 

+A{x, Jy, z, Jw) + A{Jx, y, z, Jw) + A{x, Jy, Jz, w) 

= —6A{x, y, z, w) . 

Consequently 8A{x, y, z,w) ~ so A = 0. □ 
We continue our study with: 

Lemma 3.2. 

(1) r e T* : £ ^ M e K ^ 0. Thus Wi W4 C £. 

(2) If2n = 4, then p^^ g : £ ^ S'o,+ (V"*) ^ 0. Thus W2 C £. 

(3) /9_,s : £ ^ Sl(y*') 0. Thus Ws C £. 

(4) p*_j^ : £^ Al{V*) ^0. Thus Wg C £. 
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(5) //2n>6, then{po,+.s(Sp*o + s}-^^{So+iV*)(SSl + iV*)}^0. Thus 
W2 e W5 C £. 

(6) £ n W3 7^ {0}. Thus W3 C £. 

(7) £n Wio 7^ {0}. Thus Wio C £. 

(8) // 2n > 6, then £ n Wg 7^ {0}. Thus We C £. 

Proof. We shall use Remark 12.21 to examine the relationship of Wi to £ for the 
indices i G {3, 6, 7, 8, 9, 10}; the subspaces Wi and W2 can appear with multiplicity 
2 and thus require slightly more care. We use the formalism of Lemma 12.31 We 
shall define metrics g = S + 0(|.xp) and let A G £ be the curvature tensor at the 
origin. Let 

denote the symmetric product. Let g and e be real constants. Consider the Her- 
mitian metric: 

g = 5 — ex\{dxi o dxi + dyi o dyi) — Qx\{dx2 o dx2 + dy2 ° ^2/2) • 

The non-zero curvatures then become, up to the usual Z2 symmetries, 

A{9xi . dy, , dy, , (9x1 ) = M^xi , , dx2 , ) = g, A{dxi . ^172 ^dy^^d^^) ^ g. 

This shows t ~ 2e + 4g and r* = 2e so r © r* is a surjective map to R © M. Thus 
Assertion (1) follows from Theorem 12. II 

Wi © W4 C £ . 

The non-zero entries in the Ricci tensor are given by: 

p{d^,,d^,) = e + 2g, p{dy,,dy,) = e, 

p{dx2 ,dx2) = Q, p{dy2 ,dy2) ^ g. 

We take g ~ —I and e = 2 to ensure p is trace free. We use Equation (|2.bp to see 

Po,+,s{dxi,d^J = 1, po^+.s{dy,,dy,) = 1, 

Po,+.s{dx2,9x2) = -1, P0:+.s{dy2,dy2) = -1. 

This shows that po.+,s is non-zero on £; Assertion (2) now follows if 2n = 4 since 
is not present: 

W2 C £. 

We use Equation (j2.bp to compute similarly 

p-^si^x^,^^,) ^ -1, p-^sidyi,dy,) = 1, 
P-.s{dx2,dx2) = 0, p-^s{dy2,dy2) = 0. 
This shows p~,s is non-trivial on £ and Assertion (3) follows: 

Wg c £. 

We clear the previous notation and consider: 

g = 5 — 2ex\{dxi o dx2 + dyi o ^7/2) • 

There is only one non-zero curvature entry A(9xi, i9j,2, S^i) — 2e. We let 
A* [x, y, z, w) — A{x, y, Jz, Jw) and use Equation (|2.bp to compute: 

A* (9x1 > ^271 . 9x2 :9y,) = A* {dy2 , 9x1 . ^yi 7 i9xi ) -2e, 
/(9xi,axJ = P*idy2,dy,) = 2e, 

Pa(5xi,9x,) = -pA(ax2,(9xi) = PA(5y2:9yi) = -Pa(527i>5!/2) = £■ 

This shows ^ p\ G A^ so A has a non-trivial component in Wg. This completes 
the proof of Assertion (4): 

Wg C £. 

Assume 277, > 6. We clear the previous notation and consider: 

g = 6 — 2gxl{dxi o dx2 + dyi o ^7/2) — 2ex\{dx2 ° dx^ + dy2 o dy^) . 
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The non-zero curvatures now become: 

^{dxi ^ dy-^ , , ) ~ Q, A{dxi : 1 : ^xi ) = -^{9x1 , , , dxi ) = £ ■ 

Note that p is always symmetric. We have 

p{dy^,dy^) = g, po^+^s{dy,,dy^) = po^+^s{dxi,dxJ = \q, 

p{dx2,dx3) = p{dy2,dy^) = e, po^+,s {8x2,8x3) = po,+,s(9y2, 9^3) = e. 

We have: 

■'^*{8xi , 8x2 , 8y^, 8y-^) = e, A* {8x3 ,8x1, 9yi , 8y^) = £, 

A*{dxn 9v2J 9x3, 9yi) ~ A* {8y^ , 8x1 , 8x2) = — £, 

A*{8x^,8y^,8x2-,dy^) = -Q, A* {8y^ , 8x , , dy, , 8x ,) = -Q- 

This shows that: 

P* {8x^,8x2) = p*{8y^,8yj = g, 

Po,+,s('^xi,8x2) = 2^*' /'o,+,s(^yi ' ^y2) ~ 2^" 

If we take g = and e 7^ 0, then po,+.s 7^ and Pq + s = 0- Thus 
{5oV(^^*) © 0} n {po,+,s © pS,+,s}^ ^ {0} so 

{5oV(^*) © 0} C W + © + • 

On the other hand, if we take g 0, then Pq + s 7^ 0. Thus we have a non-zero 
component in the second factor and 

{Sl+{V*)®Sl+{V*)} C {po.+^s(Bpl+^s}^. 
This estabhshes Assertion (5): 

W2 © W5 C £ . 

To prove Assertion (6), we consider the metric 

g ^ S - 2{xl +yl- x\ - y\'\{dxY o dx2 + dyi o dy2) ■ 
The non-zero components of A are then given, up to the usual Z2 symmetries by: 
A{8xi ^ 9yi 1 9y2 7 ) = A{8y-^ , 8x1 , 8x2 1 8y^ ) — 1, 

A{dx2 ' 1 9y2 7 9x2) ~ A{8y2 , 8x1 , 8x2 1 8y2 ) = ^1, • 

We have p = and A{Jx, Jy, z, w) = A{x, y, z, w) for all x, y, z, and w. This shows 
A £ Ws and proves Assertion (6) by showing 

W3 c £ . 

Let 2n > 6. We consider 

9 = 5- 2{x\ - yl}{dx2 o dx^ + dy2 o dys) . 
The non-zero curvatures arc then 

A{dxi J 9x2 1 ^2:3 , 8x1 ) = A{8xi : 9y2 , 8y^ , 8x1 ) = 1, 

A{dyi , 8x2 , 8x3 , 9yi ) = A{8y^ , 8y2 , 8y^ ,8y^) ~ — 1 . 

This tensor has vanishing Ricci and ★-Ricci curvature. Since J* A = —A, A E Wiq. 
This proves Assertion (7) by showing 

Wio C £ . 

Let 2n > 8. We take 

ds'^ = 6 - 2{xiX2 + yiy2}{dx^ o dx^ + dy^ o dy^) . 
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The non-zero curvatures are 

= ^{dxi , dx4 , dx3 1 dx2 ) = ^{dyi 7 dx4 , dx3 , dy^ ) 

Ai^dxi , dy^ , dy4 , dx2 ) ^(^yi 7 ^ya i ^7/4 ' ^y2 ) 

= ^(9:1,1 , , dy^ ,8x2)^ A{dy, , Oy^ , Oy^ , C^j; J = 1 . 

We observe that p = p* = 0. Since A{Jx, Jy, z, w) ^ A{x, y, z, w), A ^ W3. Thus 
A has a non-zero component in Wg © W7. As £ _L Wr, A has a non-zero component 
in We and Assertion (8) follows; We d 2. □ 

Proof of Theorem \1.4\ By Lemma I3.1i we have £ C Wg C Wf'^ . The assertion 
C £ follows from the Tricerri-Vanhecke decomposition described in Theorem 
12.11 and from Lemma 13.21 □ 

Proof of Remark \l.5\ The construction given above yields M with dfl{P) ~ 
realizing the given complex curvature model £ at P. In [4j, we considered a further 
variation 

h g + 2£^{dxi o dxi + dyi o dyi) + 2ri{dx2 ° dx2 + dy2 ° 0^2/2) 

where {£,, 77} are smooth functions vanishing to second order at P. We showed it was 
possible to choose 77} so that the resulting metric had constant scalar curvature 
and constant ^-scalar curvature. Since 77} vanish to second order, (M, J^, h) 
realizes £ at P as well and dfi^,,, ~ 0. This establishes Remark 1 1.5 1 □ 
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